SMOOTH CURVES IN FAMILIES OF CALABI-YAU THREEFOLDS IN 

HOMOGENEOUS SPACES 

ANDREAS LEOPOLD KNUTSEN 

Abstract. We show the existence of geometrically rigid smooth curves of different de- 
grees and genera in Calabi-Yau threefolds that are complete intersections in homogeneous 
spaces. In the special cases of Calabi-Yau complete intersections in projective spaces, our 
results are an improvement of previously known results. 



1. Introduction 

In this note we study embeddings of smooth complex projective curves into (smooth) 
Calabi-Yau threefolds. Such embeddings, and Calabi-Yau threefolds in general, have in the 
past decade been objects of extended interest in both algebraic geometry and physics. The 
goal of counting such curves (especially rational) has inspired the development of quantum 
cohomology and lead to the discovery of surprising relations between algebraic geometry 
and the theory of mirror symmetry. 



Related problems are to prove the existence and finiteness of such curves. Clemens HCUj 



constructed isolated rational curves in general quintic threefolds of arbitrarily high degree. 



Katz [[Kal extended this result to all degrees and went on to deduce that for d < 7 the 



general quintic threefold contains only finitely many rational curves of degree d. This was 



extended to degrees d < 9 by Nijsse and independetly by Johnsen and Kleiman |lJo-Kl | 



Clemens has conjectured that the finiteness should hold in any degree [|C12|] . 

Oguiso jOgll proved that the general complete intersection Calabi-Yau threefold (CICY) 
of type (2, 3) in also contains smooth isolated rational curves of any degree. This result 



was then extended to the other CICYs by Ekedahl, Johnsen and Sommervoll [|E-J-S| , and 



independently by Kley |K11| , who also have results for isolated elliptic curves. 



The most general result concerning the existence of smooth curves in CICYs is due to 



Kley ||K12| , who constructs curves of arbitrary degree and bounded genera (however the 
approach yields isolated smooth curves only for g = and 1). 

In this paper we improve these results (lowering the bound on the degrees for fixed genera) 
and extend them to 6 families of Calabi-Yau threefolds that are not complete intersections 
in projective space. 

It is well known that there are five types of Calabi-Yau complete intersection threefolds 
(CICYs) in projective space, namely the intersection types (5) in P^, (3,3) and (4,2) in 
P^ (3,2,2) in P6 and (2,2,2,2) in P^. 

We will pay special attention to families of Calabi-Yau threefolds in P'^, for 6 < ^ < 10, 
which are complete intersections in certain homogeneous spaces. We now briefly fix some 



notation and refer to |Mul] and |Mu2| for further details. 

We use the following convention: For a vector spave of dimension i, we write C(r, V^) 
(resp. C(y*,r)) for the Grassmann variety of r-dimensional subspaces (resp. quotient 
spaces) of V. 
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The variety S}^ C P^^ 

is a 10- dimensional spinor variety of degree 12. Let V be a 
10- dimensional vector space with a nondegenerate second symmetric tensor A. Then S]^2 
is one of the two components of the subset of G{V^^, 5) consisting of 5-dimensional totally 
isotropic quotient spaces 

The variety S^g C P^^ is the Grassmann variety of 3-dimensional totally isotropic quo- 
tient spaces of a 6-dimensional vector space with a nondegenerate second skew-symmetric 
tensor a. It has dimension 6 and degree 16. 

Finally, Sfg = G/P C P^^, where G is the automorphism group of the Cayley algebra 
over C and P is a maximal parabolic subgroup. The variety has dimension 5 and degree 
18. 

By adjunction, we get the following families of Calabi-Yau threefolds in P'^ as complete 
intersections in homogeneous spaces (we use the notation {ai,...,an) PI S for a complete 
intersection of type (ai,...,a„) in S): 



r 


intersection type of Calabi-Yau threefold 


7 


(3,i,i)nG(2,y^) 


8 


(2,2,1) nG(2,y^) 


9 


(2,i^)ns{^ 


10 


(2,1^) nG(y^2) 


11 


(2,i,i)ns?6 


12 


(2,i)ns?8 



We will prove the existence of geometrically rigid smooth curves of different degrees and 
genera on each of these Calabi-Yau threefolds. We are also able to improve the results of 
Kley in [[K12(] for CICYs. The following is the complete result we will prove in this paper: 

Theorem 1.1. Let d > 1 and g > be integers. Then in any of the following cases the 
general Calabi-Yau threefold X of a particidar type contains a geometrically rigid smooth 
curve of degree d and genus g: 

(a) X = (5) C p4; d'^>12g-3for0<g< 12, and d > g/2 + 6 for 13 < g < 34. 

(b) X = (4,2) C p5; {d,g) = (3,1) and (5,2), > iQg forO<g< 15, and d > g/2 + 8 
for 16<g< 30. 

(c) X = (3,3) C p5; {d,g) = (3,1) and (5,2), > iQg forO<g< 15, and d > g/2 + 8 
for 16<g< 30. 

(d) X = (3,2,2) C p6; (d,g) = (3,1) and (5,2), > I6g for < g < i, and d > g + A 
for 5 < g < 14. 

(e) X = (2, 2, 2, 2) C P^.- d"^ > 16g for < g < 3, and d > g + 4 for 4 < g < 6. 

(f) X = (3,1,1) n G(2,y5) c p7; d^ > 20g - 4 for < g < 4, and d > g + 5 for 
5<g<18. 

(g) X = (2,2,l)nG(2,y5) c p8; > 20g-4for0 <g<4, andd> g + bforb <g<8. 

(h) X = (2, l*') n S^o C p9; d^ >24g for0<g<5, and d > g + 6 for 6 < g < 10. 

(i) X = (2, 1^) n G(y^2) C pio.- d^ > 28g - 3 for < g < 6, and d > g + 7 for 
7 < 5 < 12. 

(j) X = (2, 1, 1) n T.% C pii.- d?>32gfor{)<g<7, and d > g + 8 for 8 < g < 14. 
(k) X = (2, 1) n Sfg C pi2; d'^>36gfor0<g<8, and d > g + 9 for 9 < g < 16. 



quotient / : ^ V" is totally isotropic with respect to A if (/ 8 /)(A) is zero on V (8> V . 
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Remark 1.2. In the cases above with g = and 1, the same result is true for infinitesimally 
rigid smooth curves. For g = this is an immediate consequence of equation (^) below. For 
g = 1, it follows from the approach in [KU, Sect. 3.2]. 



We will use the same technique that has been used in [[KllJ] , |[K12|| , [|Ka|1 , |Qa| and |E-J-S[ for 
the CICYs, namely we start with a K3 surface of a suitable intersection type in one of these 
homogeneous spaces containing a particular smooth curve and construct a (nodal) Calabi- 
Yau threefold of a corresponding intersection type in the same ambient space containing the 
surface. Then we argue that this implies that the generic smooth Calabi-Yau threefold of 
the same intersection type contains a smooth geometrically rigid smooth curve of the same 
degree and genus. 

1.1. Conventions and definitions. The ground field is the field of complex numbers. 
We say a curve C in a variety V is geometrically rigid in V if the space of embedded 
deformations of C in F is zero-dimensional. If furthermore this space is reduced, we say 
that C is infinitesimally rigid or isolated in V. 

A curve will always be reduced and irreducible. 

By a K3 surface is meant a reduced and irreducible surface S with trivial canonical 
bundle and such that H'^{Os) = 0. In particular Ji^iOs) = 1 and xiOs) = 2. 

Line bundles and divisors on a K3 surface are used with little or no distinction, as well 
as the multiplicative and additive notation. Linear equivalence of divisors is denoted by ~. 

1.2. Acknowledgements. The author thanks T. Johnsen for asking the question, and 
H. Clemens and H. P. Kley for useful discussions. Thanks are also due to H. Murakami, 



who was kind enough to translate relevant passages of | Mu2 | from Japanese to English to 
the author, and to S. Mukai, who eventually provided the author with a preliminary English 
translation. 

A part of this work was done during the author's stay at the Mittag-Leffler Institute 
in Djursholm, Sweden, and the last details were settled during the author's stay at the 
Department of Mathematics at the University of Utah, Salt Lake City, USA. The author 
wishes to thank both institutions for their hospitality and warm atmosphere. 

The author has been supported by a grant from The Research Council of Norway. 

2. BN GENERAL K3 SURFACES 



By the results in |Mul|, a generic projective K3 surface in P^, for /x = 6, 7, 8, 9 and 10, 
is a complete intersection in one of the homogeneous spaces described above. 

The question whether a projective K3 surface is contained in such a homogeneous space 
as a complete intersection is related to the existence of a certain rigid rank two bundle on 
the surface. In the cases ;U = 6, 8, 9 and 10, this vector bundle can be obtained by using 
special divisors on a curve. 

By a polarized K3 surface is meant a pair (5, L) where 5" is a K3 surface and L is a base 
point free line bundle on S. 

It turns out that the existence of this vector bundle depends on the line bundle L that 
gives the polarization of the surface. We recall the following definition of Mukai: 



Definition 2.1. | Mu2 | A polarized K3 surface {S,L) of genus /i is said to be Brill-Noether 
(BN) general if the inequality hP{M)hP{N) < hP{L) = /i + 1 holds for any pair {M,N) of 
non-trivial line bundles such that M ® N ^ L. 

Clearly the polarized K3 surfaces which are BN general form a 19-dimensional Zariski 
open subset in the moduli space of polarized K3 surfaces of a fixed genus 
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The following theorem is due to Mukai: 



Theorem 2.2. |Mu2] The projective models of BN general polarized K 3 surfaces of small 
genus are as follows: 



genus 


projective model of BN general polarized K3 surface 


2 


S2 — > double covering with branch sextic 


3 


(4) C 


4 


(2,3) C p4 


5 


(2,2,2) C P^' 


6 


(1,1,1,2) nG(2,F^) c pt' 


7 


(i«) n s}^ c p^ 


8 


(i«) nG(y«,2) c p« 


9 


(1^) n c py 


10 


(i^)ns^8^p^^ 



In the next section we will study the possible combinations of pairs (d, g) for a smooth 
curve C of degree d and genus 5 on a BN general K3 surface. We will obtain results as in 



|Kn 



3. Smooth curves on BN general K3 surfaces 



We first recall the main result in ||Kn|] : 

Theorem 3.1. |Kn, Thm. 1.1] Let n > 2, d > 0, g > be integers. Then there exists a 
K3 surface S of degree 2n in P"+^ containing a smooth curve C of degree d and genus g if 
and only if 

(i) g = d^ /An + 1 and there exist integers k,m > I and {k, m) 7^ (2, 1) such that n = k'^m 
and 2n divides kd, 

(ii) /An < g < d'^ /An + 1 except in the following cases 

(a) d = ±1,±2 (mod2n), 

(b) — An{g — 1) = 1 and d = n±l (mod 2n), 

(c) — An{g — 1) = n and d = n (mod2n), 

(d) — An{g — 1) = 1 and d — 1 or d + 1 divides 2n, 

(iii) g = d^ /An and d is not divisible by 2n, 

(iv) g < d^/An and (d, g) / (2n + 1, n + 1). 

Furthermore, in case (i) S can be chosen such that Pic 5 



Z^ff and in cases 



(ii)-(iv) such that Pic 5 = 7jH © ZC, where H is the hyperplane section of S. 

If n > A, S can be chosen to be scheme-theoretically an intersection of quadrics in cases 
(i), (iii) and (iv), and also in case (ii), except when d'^ —An{g — 1) = 1 and3d = ±3 (mod2n) 
or d^ — An{g — 1) = 9 and d = ±3 (mod2n), in which case S has to be an intersection of 
both quadrics and cubics. 

Specializing to the three cases of complete intersections in projective space, we get the 



result in Theorem 9.1, in the same paper, which we include in Theorem |3.12| below. 

For all possible triples of integers {n,d,g), with n = 5, 6, 7, 8 and 9, d > and g > 0, 
we will now investigate which triples are also possible for smooth curves on BN general K3 



surfaces. This means that we have to check the conditions in Definition 2.1 
We have an easy result for the cases d^ — An{g — 1) = 0. 
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Lemma 3.2. Let S be as in Theorem \3.i^ (i). Then S is BN general if and only if 2n 
divides d (equivalently k = 1). 

Proof. Clearly if S is BN general, H cannot be divisible, so we must have k = 1. 

Conversely, if A; = 1, then Pic 5 = ZH, so S is clearly BN general. □ 



The surfaces in Theorem 3J with d^ — ^n{g — 1) > can all be chosen with the property 
that Pic S = ZH © ZC. So we can restrict ourselves to studying the BN generality of such 
surfaces. We therefore make the following definition. 

Definition 3.3. For any integers n > 2, d > and g > satisfying g < d'^ /An + 1, the 

surface S{n,d,g) will denote a polarized K2> surface with polarization H (that is H is base 
point free), such that = 2n and 

Pic S = ZH® ZC, 
where C is a divisor satisfying C.H = d and = 2{g — 1). 
We will make use of the following: 

Lemma 3.4. Let H and C be as in the definition of S{n,d,g) above. 

(a) p<n[| H is ample unless d^— 4n(3 — 1) = n and d = n (mod2n), or d'^ — 4n{g — 1) = An 
and d = (mod2n). 

(b) [Kn, Prop. 4.4] C is nef unless g = or {d, g) = (2n + 1, n + 1). 

(c) |0g, Thm. 3], |[Kn| , Prop. 4.4] If g = 0, or if we are not in one of the two following 
cases: 

(i) {d,g) = (2n+l,n+l), 

(ii) — An{g — 1) = 1 and d — 1 or d + 1 divides 2n, 
then the generic member of \C\ is a smooth curve. 

Clearly, for our purposes, we could directly assume that H is very ample and that C is 
base point free, but we will however work with the more general case S{n,d,g) above. 

We want to find necessary and sufficient conditions for S{n,d,g) to be BN general. 

Assume H ^ D + F for L) > and F > 0. Then we can write D = aH — hC and 
F = (1 — a)H + bC, for some integers a, b. Since D and F are effective, one easily sees that 
we can assume that 

o > 1 and b > 1. 

The first result is the following: 
Lemma 3.5. If d > n + g, then either hP{D) or h^{F) is zero. 

Proof. If 6 > a, then hP{D) = hP{aH - bC) < h^{bH - bC). If 6 < a, then = 
h^{hC - (a - l)H) < h^{{a - l)C - (a - l)H). So it suffices to show that hP{aH - aC) = 
for all a G Z - {0}. 

Assume that B G \all - aC\ for some a € Z - {0}. Since B"^ = 2o?{n - d + g - I) < 
—2a? < 0, the basis divisor of \B\ must have in its support a smooth, rational curve F such 
that T.B < 0. Write 

Br^mT + R, R>0, 1 < m < B.H = a{2n - d), 

with r not appearing as a fixed component of R. 

If -R = 0, then B = mT ~ a{II — C). Since B^ < — 2a^, we must have m > a, but this 
would mean that H — C is divisible, which is impossible, since H — C is part of a basis for 
Pic 5. 



6 



ANDREAS LEOPOLD KNUTSEN 



So R > and m < B.H. We also have B.T > —2m and T.H < B.H/m, since H is 



ample by Lemma 3.4. Define 

B' := B + {B.T)T, 

Then B'^ = B"^ and 

-B.H < B'.H = B.H + {B.T){r.H) < B.H, 

so {B'.Hf < {B.Hf. 

Setting Bo :=H -C and B'^ := Bq + (5o.r)r, we get 

B ~ aBo and B' ~ aS^, 

and also = and {B'^.H^ < {Bq.H)^. 
By the Hodge index theorem we have 

(B'o.Hf - B'o'h^ > 0, 

with equality occurring if and only if 

{B'q.H)H ~ 2nBo. 

/ 2 9 

But the latter is impossible, since B^ = Bq < —2. 
So we have 

/ {B'Q.Hf - 2nB'Q^ = \ d\sc{H , B'q)\ < {Bo.Hf - 2nBo'^ = | disc(//, So)|, 

which is impossible, since Pic 5 ~ TiH ® ZBq. 

So \aH - aC\ = (D. □ 

Corollary 3.6. S = S{n, d, g) is BN general for d> n + g. 

When 5 = 0, we also have an easy result: 
Lemma 3.7. S{n,d,ti) is BN general. 

Proof. Letting D and F be as above, we clearly have h^{F) = h^{{l — a)H + bC) = unless 
a = 1, in which case h^{F) = h^{bC) = 1. We then have h^{D) = h^{H - bC) < h^{H), 
since \H\ is without fixed components, and we get h^{M)h^{N) < h^{H) □ 

When 5 = 1, more interesting things start to happen. It is already known, for instance, 
that a complete intersection iiTS surface of type (2, 2, 2) in cannot contain a smooth 
elliptic curve of degree 3, whereas there are indeed K2> surfaces in containing such 
elliptic curves (see e.g. |SD] and po-Kn[| ). 



So let 5 = 1 and D and F be as above. Since all members of \bC\ are of the form 
C1 + ...+C6, with each d G \C\ (see |SD|, Prop. 2.6]), we have h^{F) = h^{{l-a)H+bC) = 
unless a = 1, in which case h^{F) = h^{bC) = 6 + 1 (again by ||SD| , Prop. 2.6]). We now 
want to compute h^{D) = h?{H — bC). We will show that 



(1) h\D) 



+ 2 if L>2 > -2, 
if L>2 < -2. 



By standard theory on linear systems on K2> surfaces and Riemann-Roch, this is an 
immediate consequence of the following: 

Lemma 3.8. (a) If > then D is effective and nef. 

(b) If = —2, then \D\ contains as its only element a smooth rational curve. 

(c) //L>2 < -2, then \D\ = 0. 
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Proof. We first show that D is effective when = 2{n — bd) > —2. By Riemann-Roch, 
either D or —D is effective. Since n > bd — 1, we get H.D = 2n — bd > 0, whence D must 
be effective. 

If either > and D is not nef, or = —2 and \D\ contains no reduced, irreducible 
elements, or < —2 and -D > 0, there has to exist a smooth, rational curve F such that 
T.D < 0. As above, we can write 

L> ~ mr + i?, m > 1, R>0, 

with r not appearing as a fixed component of R. Furthermore, since Pic S ~ ZD © ZC, we 
must have R > 0. 

Grant for the time being the following 

Claim: In all cases, < T.C < D.C/m. 

By this we have 

< [disc(C,r)! = {T.Cf < {D.Cf = \ dmc{C,D% 

and this is impossible, since Pic 5 ~ ZD © ZC. We have reached a contradiction, which 
shows that the statements (a), (b) and (c) are true. □ 

Proof of claim. Since |C| contains a smooth elliptic curve, we must have T.C > 0. If 
T.C = 0, write T ~ xH + yC, and get xd = 0, so x = and T ~ yC, which is impossible, 
since P^ = -2. 

Now T.C = ^{D.C - R.C), so it suffices to show that R.C / 0. 

Assume, to get a contradiction, that R.C = 0. Then D.C = mT.C = {H — bC).C = d. 
Writing P ~ xH + yC, we easily find from P^ = —2 and T.C = d/m, that 

m = x = l and y = -^^ 



so that 



H-'^^C, d\n + l. 
d 



We calculate T.D = n — 1 — bd, and since T.D < by hypothesis, we have 

(2) n<bd+l. 

We also calculate R.H = - b)C.H = n + 1 - bd. By Lemma |3]|, if H is not ample, 
then d = 1, but this would imply that H is not base point free, by standard criteria for 
base point freeness of line bundles on a K3 surface (see e.g. |Kn, Lemma 2.4]). Since R is 
effective and H is ample, we must have 

(3) n>bd-l. 

Combining (^) and (|3|) we get n = bd, but then d cannot divide n + 1, a contradiction. 
This concludes the proof of the claim. □ 

We now have, using D^ = 2(n — bd) and (|l|), 

(4) h\D)h\F) =1 (--M + 2)(6+l) ifM<n + l, 
^ ' V y \ y Q if od > n + 1, 

This gives us 

Lemma 3.9. If g = 1 and n > 2, then S = S{n, d, 1) is BN general for n < 9 if and only 
if d>2> and n = 2 or 3, d > A and n = 4 or 5, d > 5 and n = 6or7,d>6 and n = 8 or 9. 
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We will now consider curves of higher genera. 

By the two following lemmas, we can restrict to considering the cases d < n. 

Lemma 3.10. Let n > 2,d > 1, g > be integers satisfying g < /An + 1. Then there are 
integers do > 1 and go >0 such that do = d (mod 2n) and d^ — An^go — l)=d^ — An{g — 1), 
and satisfying one of the two following conditions: 

(a) go <do- n, 

(b) do <2n, do - n < go < dl/An + 1. 

Proof. If d < 2n, we are done. If d > 2n + 1, let d' := d — 2n and g' = g — d + n. 
Then, by the assumptions on d and g, we have d' > I, g' > 0, d' = d (mod2n) and 
d'^ - 4n{g' - 1) = d2 - 4n{g - 1). 

If g' < d' — n, we are in case (a) with {do, go) = {d',g'), and there cannot exist any 
integers as in (b), for setting d" = d' — 2n and d"^ — 4:n{g" — 1) = d^ — An{g — 1), we get 
g" =g' -d' + n< 0. 

If g' > d' — n, we continue the procedure until we either find a pair (do, 50) as in (a) or 
(b). □ 



Lemma 3.11. Let n > 2, d > 1, g > be integers satisfying g < d^ /An + 1. 

(a) Let do and go be as in Lemma S.KJj . Then S{n,d,g) is BN general if and only if 
S{n,do,go) is BN general. 

(b) Assume n—d+g > 0. Then S{n, d, g) is BN general if and only ifS{n, 2n—d, n—d+g) 
is BN general. 

Proof. Let d = do + 2nk., for an integer fe > 0. Then (i) follows from a change of basis 
C^C-kH. 

Similarly, (ii) follows from a change of basis C ^ H — C . □ 

By (a) we can assume that d <2n and that d < n + g (the case d> n + g being already 
treated by Lemma [3^) . 

By (b) we can in addition assume that d < n. 

By the Lemmas 3/7 and 3^, this means that we have already treated the cases d = n + g 
and d = n + g — 1 for 2<n< 9. 

Now we require H to be very ample, that is we require n, d and g to be as in Theorem 



3.1| , except that we a priori allow the case (ii) (d) to happen (since this contradicts the base 



point freeness of C and not the very ampleness of H, as is seen in ||Kn| , Prop. 4.4]). But 
one easily checks that the case (ii) (d) does not occur for n < 9, when H is very ample. So 
the only cases that are left to check for n < 9 are the following: 

{n,d,g) = (6,6,2), 

(7,7,2), (7,6,2), (7,8,3), 

(8,8,2), (8,7,2), (8,6,2), (8,8,3), 

(9,9,2), (9,8,2), (9,7,2), (9,9,3). 

By computing the product ^ 

h'{H - C)h\C) = iliH - Cf + 2){\C^ + 2) = {n-d + g + l){g + 1), 



^Here we use the fact that h^{C) = h^{H — C) = 0, which follows from the fact that both |C| a nd l-H" — CI 
contain an irreducible member, which one can check using arguments as in the proof of Lemma |3.5|. 
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one finds that this is greater than or equal to h^{H) = n + 2 in all these cases, except 

= (8,8,2) and (9,9,2). 

We now show that in these two cases S{n, d,g) is in fact BN general. 

As usual, write D := aH — bC and F := [1 — a)H + bC, for two integers a, 6 > 1, and 
assume D,F > 0. Since H is (very) ample, we have 

D.H = 2na-bd>0 

and 

F.H = (1 - a)2n + bd>0, 

which gives 

2n , , , 2n 

(5) _(„_i)<i<_„. 

Since C is nef, we have 

D.C = da- 2{g - 1)6 > 

and 

F.C = d{l -a) + 2{g - 1)6 > 0, 

which gives 

26, , 26, , 

(6) -^{9-l)<a<-{g-l) + l. 

For (n,d,(7) = (8,8,2) and (9,9,2), (|) gives 

2a - 2 < 6 < 2a, 

so 6 = 2a — 1, and the right hand inequality of (^) gives a < 2 in both cases, so we must 
have a = 6 = 1, and we only need to check the product hP{C)h?{H — C) as above. 

We summarize these results, and get the following result for the existence of smooth 
curves on BN general K2> surfaces of genus /x = 6, 10. For completeness we also include 



the cases with = 3, proved by Mori in |Mo| , and the cases = 4 and 5, proved in [|Kn|| 



Theorem 3.12. Let d > and g > be integers. Then: 

(i) (Mori [|Mo(| j There exists a smooth quartic surface X in containing a smooth curve 
C of degree d and genus g if and only if (a) g = d'^/8 + I, or (b) g < d'^/8 and 
{d,g) / (5,3). Furthermore, (a) holds if and only ifOx{^) and Ox (C) are dependent 
in PicX, in which case C is a complete intersection of X and a hypersurface of degree 
d/i. 

(ii) There exists a K3 surface X of type (2, 3) in containing a smooth curve C of degree 
d and genus g if and only if (a) g = (i^/12+1, (b) g = (i^/12+1/4 or (c) g < d^ /12 and 
{d,g) ^ (7,4). Furthermore, (a) holds if and only ifOx{^) and Ox{C) are dependent 
in Pic X , in which case C is a complete intersection of X and a hypersurface of degree 
d/6. 

(iii) There exists a K3 surface X of type (2, 2, 2) in containing a smooth curve C of 
degree d and genus g if and only if (a) g = d'^ /IQ + 1 and d is divisible by 8, (b) 
g = (i^/16 and d = 4 (mod 8), or (c) g < d^/16 and {d,g) =^ (9,5). Furthermore, (a) 
holds if and only if Ox{^) and OxiC) are dependent in P'lcX, in which case C is a 
complete intersection of X and a hypersurface of degree d/8. 
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(iv) There exists a K2> surface X of type (1, 1, 1, 2) n G(2, V^) in containing a smooth 
curve C of degree d and genus g if and only if (a) g = (i^/20 + 1, (h) g = (i^/20 + 1/5, 
or (c) g < d'^/20 and {d,g) / (11,6). Furthermore, (a) holds if and only ifOx{^) and 
OxiC) are dependent in F'lcX, in which case C is a complete intersection of X and 
a hypersurface of degree d/lO. 

(v) There exists a K3 surface X of type (1®) fl S];2 in containing a smooth curve 
C of degree d and genus g if and only if (a) g = d^/24 + 1, or (h) g < d'^/24 and 
{d,g) (13,7). Furthermore, (a) holds if and only ifOx{^) and Ox{C) are dependent 
in PicX, in which case C is a complete intersection of X and a hypersurface of degree 
d/12. 

(vi) There exists a K3 surface X of type (1^) n GiV^, 2) in containing a smooth curve 
C of degree d and genus g if and only if (a) g = d'^/28 + 1, (b) g = d^/28 + 3/28, or 
(c) g < d'^/28 and {d,g) ^ (15,8). Furthermore, (a) holds if and only if Ox{^) and 
Ox{C) are dependent in PicX, in which case C is a complete intersection of X and 
a hypersurface of degree d/lA. 

(vii) There exists a K3 surface X of type (1"^) fl S^g in P^ containing a smooth curve C 
of degree d and genus g if and only if (a) g = /32 + 1 and d is divisible by 16, (b) 
g = d'^/28 and d = 8 (mod 16), or (c) g < S 132 and {d,g) / (17,9). Furthermore, 
(a) holds if and only if Oxi^) and Ox{C) are dependent in FicX, in which case C is 
a complete intersection of X and a hypersurface of degree d/16. 

(viii) There exists a K3 surface X of type (1^) fl Efg in P^*^ containing a smooth curve C 
of degree d and genus g if and only if (a) g = d? /3Q + 1 and d is divisible by 18, (b) 
g = (i^/36 and d = ±6 (mod 18), or (c) g < d^/36 and {d,g) ^ (19,10). Furthermore, 
(a) holds if and only if Ox{l) and Ox{C) are dependent in FicX, in which case C is 
a complete intersection of X and a hypersurface of degree d/18. 

We are now ready to prove the main theorem of this paper. 

4. Proof of Theorem [TTTl 
We recall the main setting and results of |K12(| . 

Let P be a smooth projective variety, £ a locally free sheaf of rank dimP — 3 on P, and 
a regular section. Set 

Xo = Z{so). 

Let S C Xq be a regular surface (i.e. H^{S, Os) = 0) and L a line bundle on S. 
We make the following assumptions: 

(Al) Xo is K-trivial 

(A2) The only singularities of Xq which lie in S are m ordinary double points, and these 
are distinct from any singularities of S and base points of \L\. Furthermore 

m > dim \L\ + 2. 

(A3) H\C',J\fc'/p) = for all C G |L|. 

(A4) H^CMc'/s) ^ H\C',Mc'lx,) for all C G |L|. 

(A5) There exists an s G H^{P,£) such that Xt := Z{so + ts) is a smoothing of at least one 
of the ordinary double points of Xq. 

Then one has: 
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Theorem 4.1. | K12 , Thm. 1.1] Under the assumptions (A1)-(A5) the members of \L\ 
deform to a length scheme of curves which are geometrically rigid in the general 

deformation Xt = Z{sq +ts) of Xq. In particular, Xt contains a geometrically rigid curve 
which is a deformation of a curve in\L\ 

By Theorem p.l2 the possible degrees and genera of smooth curves on BN general K2> 
surfaces of low genus are classified. 

For the cases where X is a CICY , the results in Theorem [0| are slight improvements of 
the results of Kley in |K12, Thm. 2.1], by using |[Kn| , Prop. 1.2] (which is an improvement of 
|K12, Lemma 2.3]). For the cases where X is a complete intersection in some homogeneous 
space different than projective space, we will have to argue that the conditions (A1)-(A5) 
are still satisfied. Our argument will also be valid for the CICY cases. 

Given a K2> surface S in P'^ of intersection type (ai, afc(^)) in some smooth ambient 
space P (like some projective space or homogeneous space as described above), we can 



1, 



construct Calabi-Yau threefolds Xq of intersection type {h 
space, whenever 1 < flj < 6j, for 
degrees aj for the ideal of 5. So 5" 
define 



1, 6fc(^)_i) in the same ambient 
,k{pL) — 1, as follows. Choose generators gi of 



y{gi, ■ ■ • ,5fc(M))- For general aij G i?"(P, Op{hi 



and 



:— y{fi-, ■■■ , fk(ti)) 



(here we follow |K11, Section 3]). If the coefficient forms are chosen in a sufficiently general 
way, Xq has only m ordinary double points. The numbers m in the CICY cases are given 
in |[K12| , Table p. 6], which we here reproduce: 





(aj) 


m 






m 




(5) C P4 


(4,1)CP^ 


16 


(3,3) C P^ 


(3,2,1) CP^ 


12 


(5) C P4 


(3,2) C P4 


36 


(3,3) C P^ 


(2,2,2) C P^ 


32 


(4,2) C ps 


(4,1,1) C P^ 


4 


(3,2,2) C P'' 


(3,2,1,1) C P*' 


6 


(4,2) C P^ 


(3,2,1) CP^ 


18 


(3,2,2) C P'' 


(2,2,2,1) C P*' 


16 


(4,2) C P^ 


(2,2,2) C P^ 


32 


(2,2,2,2) CP'^ 


(2,2,2,1,1) CP' 


8 


In the remaining cases, we have the following table: 






(a,) 


m 


(3,1,1) nG(2,y^) c p^ 


(2,1,1,1) nG(2,y^) c p*" 


20 


(2,2,1) nG(2,F^) C P» 


(2,1,1,1) nG(2,y^) c p" 


10 


(2,i«)ns{^cp9 


(i«) n sju c p'^ 


12 


(2,l^)nG(y^2) cp^'j 


(P) nG(y^2) c p» 


14 


(2,i,i)ns?6cp^^ 


(1^) n SJe c P^' 


16 


(2,i)ns^8 cpi^ 


(P)ns^8 cp^u 


18 



Therefore, in all the cases given by Theorem |3.12| , we have inclusions 

C c S c Xo c p, 

where C is a smooth curve of degree d and genus g, S is & smooth projective K3 surface, 
Xq is a nodal Calabi-Yau threefold of the corresponding type, and P is the homogeneous 
variety in question. 
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Now the conditions (Al) and (A5) are clearly satisfied. Set L := Os{C). The condition 
(A2) is satisfied whenever 

m > dim|L| + 2 = g + 2. 



This yields the upper bounds on the genus in the different cases of Theorem |L1 
It remains to check the conditions (A3) and (A4). 
Consider the standard short exact sequence 

(7) O^Ts^Tp^Os^ Ms/P 0. 



The key observation is the following result, which is an extension of |K11, Prop. 1.7] to 
include the cases where the ambient space P is not a projective space: 

Proposition 4.2. Let S he a BN general K3 surface in P^, 3 < /i < 10, and P its 

corresponding ambient space where it is a complete intersection. The sequence 

H^{S,Afs/p) H\S,Ts) H^{S,Os), 

where 6 arises from ([^ and c is the Yoneda pairing xci(05(l)), is exact. 
Proof. Since ujs ~ Os, the Yoneda pairing 

H\S, Ts) X H\S, n\) H\S, Os) 

is non-degenerate by Serre duality. 

Now H^{S,Ts) is the moduli space of all (analytic) deformations of 5, which is 20- 
dimensional, and H^{S,J\fs/p) is the moduli space of all deformations of S in P, whose 
image by 6 in H^{S,Ts) is 19-dimensional, since S is BN general. 

It is then clear that im6 = ker c. □ 

For each C" € \L\ there is an exact sequence 
(8) Mc'/s ^fc'/p ^s/p «) Oc 0. 



Now one can check that with the help of Proposition ^1.2| , we can prove the following 
analogue to |K11, Lemma 1.10]: 

Lemma 4.3. Assume that ©5(1) and L are independent in Pic 5". Then for all C G \L\ 
the composition 

cP : H''{S,Ms/p) H\C'Ms/P ® Oc) H\C'Ma/s) 

of the restriction morphism with the connecting homomorphism arising from ^ is surjec- 
tive. Furthermore, kei (f> is independent of C € \L\. 

Since 5 is a complete intersection of type (ai,...,afc) in P, we have Ms/p ^ Oc' — 
(BOc'icLi). Lemma together with (§) gives 

H\C',Afc'/p) - H\C',Ms/p ® Oc) ^ mHC',Ociai)), 

In particular 

H\Ms/p (8) Oc) = if and only if H^{C', Oc'(min{aJ)) = 0. 

By looking at the tables on the previous page, we see that we have min{aj} = 1 in most 
cases, and min{aj} = 2 in three of the cases where P is projective space. 
By |Kn, Prop 1.2], we now get that 

{A3) is satisfied if and only if d < 2(/x — 1) or d > fj. + g — 1, 
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(where is the genus of S) in the cases where minjaj} = 1, and 

{A3) is satisfied if and only if d < 4(/x — 1) or 2d > 4fi + g — A, 



in the cases where min{aj} = 2. This gives the constraints on d in Theorem 1.1 



We now only have left to show that condition (A4) is satisfied, which means that we must 
show that 

(9) h'^{Mc'/Xo) = h'{Ma/s)=9 

for all C G |C|. 



1.1 



This follows the lines of the proof of [Kll , Thm. 3.5], with the help of Lemma again. 
This concludes the proof of Theorem 
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